I. INTRODUCTION
In a recent communication and papers we showed that optical pulse trains (or sequences) with specified phases can be used to suppress incoherent background signals, enhance coherent Signals, narrow optical lines, and separate different relaxation channels in multilevel systems. 1,2 The method for generating these sequences relies on an extension of the technique of Orlowski and Zewail 3 which utilizes acousto-optic (AO) modulation of a single-mode laser. The AO modulator acts as a mixer and, hence, the phase of the optical wave can be precisely controlled by contrOlling the phases of the rf which forms the sound-wave "grating" on the AO modulator. With these phase controls one can therefore perform the optical analog of NMR multiple pulse spectroscopy. In Refs. 1 and 2, we demonstrated the optical analog of NMR composite pulse sequences, and the use of different sequences (such as XXX-XXX) to eliminate background spontaneous emission in iodine gas at low pressures. Here, we present novel and simple sequences for enhancing the intensity of forbidden or highly nonresonant transitions in the optical region.
The problem we will address is a very common one: the available laser intensity is insufficient to excite a significant fraction of the ground state population into the desired excited states, either because of large inhomogeneous broadening or a large spread of vibronic transition frequencies. In either case energy mismatches which cannot be overcome by a single laser pulse can be effectively eliminated by multiple pulse trains. Applications to overtone and two-photon spectroscopy alNational Science Foundation Postdoctoral Fellow at Caltech, 1981. bl Alfred P. Sloan Fellow and Camille and Henry Dreyfus Foundation Teacher-Scholar. are given, and the possibility of essentially complete population inversion into nonresonant levels is demonstrated.
II. POPULATION ENHANCEMENT IN TWO·LEVEL SYSTEMS THROUGH COMPOSITE PULSE TRAINS

A. Preliminaries for single pulse excitation
The effects of an intense coherent pulse on a closed two-level system are thoroughly documented 4 -9 and will be only briefly summarized here. In NMR, 6 microwave,7 or optical spectroscopy8,9 the semiclassical interaction between radiation and matter (jJ.. B or jJ.. E) gives :iC lnt = liw1% cos(wt + <p )0'" , (1 ) wher~ the radiation field is assumed to be directed along the x axis and w = !l% I BI (in NMR) or !l%1 E I (in microwave or optics). 0'% is one of the Pauli matrices of the two-level system. The phase <p(t) will include a directional dependence k· r in the optical case, but longer wavelengths normally make this term unimportant at rf or microwave frequencies.
There will also be a diagonal term in the Hamiltonian reflecting the energy difference liwo between ground and excited states:
(2) where the energy difference arises from interactions with an applied static field in NMR, from angular momentum changes in microwave spectroscopy, and from different vibronic wave functions in optical spectroscopy.
Population inversions generated by applied laser pulses as a function of resonance offset. Part (a) corresponds to irradiation directly on resonance. Such irradiation can take the initial population distribution (represented here by a pseudo-polarization vector along the z axis (Ref. 5») into a complete population inversion with a so-called 1f pulse. If the resonance offset.o.w is much larger than the pulse bandwidth (Rabi frequency) wit as in part (b), then a single pulse can only slightly perturb the system, generating a maximum excited state population of wj;<.o.w 2 +wf). Normally the inhomogeneous broadening of optical transition is so large that most molecules are always far from resonance, so that relatively few excited molecules can be produced. nance), then the density matrix time evolution of the system under the combined Hamiltonian :!C 11lt + :!C euac can be written in the rotating wave approximation 10 as
The tildes have been introduced in ~ and p to conform with the conventional notation for rotating frame operators. However, for Simplicity of notation they will henceforth be omitted, although the rotating frame will still be assumed. Equation (3) is valid over any interval in which Wi and cp are constant and relaxation terms can be neglected. The equilibrium density matrix will generally be
where the proportionality constant C makes Tr(Poq) = 1. This can always be written as Poq = 1 + f3u 6 , where usually f3« 1 in NMR or microwave (the high temperature limit) and f3 -1 in optical spectroscopy (7) (the low temperature limit). In either case the identity matrix is unimportant in the time evolution, since it commutes with:!C. Thus, only the u 6 term contributes to the dynamics.
To calculate the effects of a single pulse, assume cp = O. The Hamiltonian in Eq. (4) then rotates the u. component of the initial density matrix around an axis defined by .o.wu.+ w1ux' If.o.w = 0 (exact resonance) the initial condition is completely reversed when Wit = 1T, corresponding to the maximum possible population inversion [ Fig. 1 (a) ). In optical spectrscopy this puts every molecule in the excted state, but in NMR or microwave the inversion will be less, with the f3 term in Peq of Eq. (7) changing sign. Other values of cp correspond to merely phase shifting the radiation field; the net effect is identical to cp = 0, except that any induced coherences are also shifted .
If .o.w ' * 0 complete inversion from a single pulse is not possible. The rotations now are restricted to a cone [ Fig. 1 (b) ). The maximum inversion is created by a pulse of width t~=1T/(.o.W2+wi)1/2 which takes the u 6 coefficient from f3 to f3[ (.o.w)2 -wiV [(.o.w t + w~) . This reduced effect is a particularly serious limitation in optical spectroscopy, where typical inhomogeneous linewidths give a spread to .o.w which is at best comparable to, and usually much greater than, accessible values of Wi' Then single pulse irradiation can only significantly affect a small fraction of the line shape.
B. Composite pulse trains and large population inversion
It has been known for many years in NMR that several pulses back-to-back, with phase shifts between them, can be less sensitive to inhomogeneities than is a single pulse. 11 We have shown recently that these composite pulses are also useful in optical spectroscopy, and have demonstrated Significant signal enhancements for fluorescence and echo measurements. 12 In essence, the phase shift changes the rotation cone of Fig. 1 (b) so that other regions of this three dimensional operator space are accessible.
One application of particular interest in optical spectroscopy is the use of composite pulse trains to create large population inversions even when .o.w» WiConsider, for example, the effects of a single pulse with
Phase modulated pulse sequences can create essentially complete population inversions for arbitrarily large resonance offsets, within the limits of validity of the rotating wave approximation (see the text). In part (a) a single pulse of length tp = 7r~W2 + wi)-l/ 2 moves the pseudopolarization to a position 2~ from the z axis, where ~ =tan-l(wl/~W). This pulse is followed in part (b) by a pulse of the same length, but 18(1' out of phase with the first. The phase shift can be readily produced by acousto-optic or electro-optic modulation. This changes the rotation axis from + ~ to -~, so that after the pulse the pseudopolarization is -4~ from its initial position. Further repetitions of this two-pulse sequence, which would be termed (K -X) in standard NMR notation, give a large inversion [parts (c) and (d); more repetitions would be needed for larger ~w/wtl. Since each individual pulse is very short the sequence is very efficient (see the text). <p = 0 in Eq. (4) (in the standard NMR notation this is called an x pulse), followed immediately by a pulse with <p = 1T (an x pulse). To create a large effect at some specific value of ~w, choose the width tp of each pulse such that
The rotation axis of the first pulse makes an angle ~ =tan-l(wl/~W) with the z axiS, and the 1T rotation takes a. to a position 2~ away from the initial state [ Fig. 2(a) ].
The x pulse, which gives a rotation axis of -~ with respect to a .. takes the reduced density matrix to -4~ [ Fig. 2 (b) ]. This process can be repeated, as in Figs. 2(c) and 2(d). In fact, the sequence (X-X)N will give a final reduced density matrix which is (_1)N4N~ away from the equlllbrium state, so that if N is large enough virtually complete inversion can be produced for arbitrarily large ~W/wl (subject to the validity of the rotating wave apprOXimation, which requires the fractional resonance mismatch ~w/wo to remain small.)
The role of the phase shift can also be seen mathematically by multiplying together the propagators for the two pulses:
The relation [(~w 'f + will /2 = 1T was used to simplify Eqs. (9) and (10); the general expression for the two-level propagator with arbitrary ~w, w., and t can be found in many other references, among them Ref. 2. The product of the two propagators is, apart from a physically irrelevant sign, identical to the rotation which would be produced by a single pulse on resonance with flip angle 4~. The total pulse sequence duration T = 2tp = 21T(~w2 + wi)1I2, which implies
so the excitation (far from resonance) is 4/21T -63%as efficient in producing excited state population at ~w as it would be if the resonance offset were completely absent.
The two pulses can be repeated as many times as needed to give a good 1T/2 pulse (maximizing a" or ay) or 1T pulse (maximizing the inversion). Thus, the composite sequence can be used as a building block for such multiple pulse sequences as photon echoes which are optimized by 1T /2 or 1T pulses and which would normally be totally useless this far from resonance.
The arguments presented above work equally well if ~w is replaced by -~w. In addition, this sequence will produce large excited state populations at resonance frequencies of ± 3~w, ± 5~w, ••• , N~w, where N is any odd integer. At N~w a pulse of length tp gives a rotation of -N1T [see Eq. (8)], so the only change in Fig. 2 is that ~ (and hence the total flip angle) is reduced by a factor of N. This effect can be made intuitively obvious by noting that the phase shifts provide a square wave modulation with period T=2 tp-21T/~W [see Eq. (8)]. This produces sidebands at ±N ~w with the same relative intensities as the flip angle ratios derived above.
Phase modulation at frequency ~W/21T could be conveniently produced by feeding a continuous single-mode laser into an acousto-optic modulator with a sufficiently short rise time. But this raises an interesting technical question. The rise time of the output laser pulse will certainly not be less than the rise time of the acoustic wave, and in practice it is substantially longer than this minimum. 13 The rise time of the acoustic wave gives the frequency bandwidth of the modulator. Thus if phase modulation at ~W/21T is pOSSible, it must also be possible to raise the rf frequency by ~W/21T, and thus hit the transition on resonance. Therefore, while this sequence does provide a method of shifting the effective resonance frequency of the laser, equally large shifts can be accomplished by simpler means.
Large inversions can also be produced by putting delays between the pulses of ta = 11' 1 /l.w and omitting the phase shifts. Part (a) is identical to Fig. 2(a) . The delay in part (b) rotates the pseudopolarization away from its position after the first pulse. Now a second pulse with the same phase (rotation axis) as the first [part (c) I generates an increased inversion.
This amplitude modulation can be readily generated by an interferometer (see the text).
A slight modification on this sequence makes it much more useful. Instead of using phase shifts, msert spaces between the pulses such that the Hamiltonian during the spaces (Awa.) rotates the reduced density matrix away from the cone, as in Fig. 3 . The first pulse [part (a)] lasts for tp=1T/(Aw2+W~)1/2, as before, but now this pulse 1s followed by a delay of t p = 1T / /l.w [part (b») . A second pulse with the same phase as the first [part (c)] creates an increased inversion. A similar approach has been used in NMR in the socalled DANTE sequence 15 to selectively give a large inversion to one particular group of spins without seriously perturbing others.
This sequence can also be viewed as a square wave modulation of a continuous wave, plus an added dc offset. Thus there are still substantial inversions at all odd multiples of /l.w (Fig. 4) . However, this amplitude modulation can be achieved at a much faster rate than phase modulation. For example, a single short pulse fed into a parallel plate interferometer with spacing d produces a pulse train with spacing tp + ta = 2d/ c. The output pulses will be in phase if the interferometer is correctly aligned at the laser frequency, making d an exact multiple of A. Since pulse flip angle is proportional to the square root of the pulse power, a single pulse with flip angle e can be approximately divided into N pulses of flip angle e/N 1/2 by the interferometer. 15 If the pulse width and delay are chosen as in Fig. 3 , then this train has a substantially increased total flip angle of e(2..fN/1T) at /l.w =1T/t a • 16 Thus, increased flip angles and large resonance frequency changes can be readily achieved by multiple pulse trains.
III. SELECTIVE EXCITATION IN OPTICAL MULTILEVEL SYSTEMS
A. Multiple-quantum selective excitation in nuclear magnetic resonance
The observation of normally forbidden transitions is often useful for spectral simplification, as demonstrated amply in NMR spectroscopy. [17] [18] [19] Unfortunately, these transitions are usually only weakly excited by simple pulse sequences. 20 Selective excitation sequences 21 -24 use phase shifts to build up one particular set of coherences while cancelling out all others, thus dramatically enhancing the observable signal.
Selective excitation is best understood through the formalism of coherent averaging theory. [25] [26] [27] Suppose that the Hamiltonian can be decomposed into a large part (Je blg ) which would generate a readily calculable evolution if no other interactions were present, and a smaller perturbation (Je tDt ) which includes everything else. For example, in NMR the rf interaction with matter always is proportional to some linear combination of a", a~, and a., so it generates simple rotations and can be used as Je blr (The rest of the Hamiltonian may include operators such as 3 a .. I a.j -al • aj. and is thus more difficult to analyze.) Suppose further that Je blg is cyclic, meaning that after some time tc the net effect of ~Ig alone would be zero; again, for example, the sequence might include one x pulse and one x pulse, so that the total would have no effect near resonance. In that case Je blg can be used to define an interaction representation transforming Je IDt :
where T is the Dyson time ordering operator. 27 Then the Magnus expansion, 25 which is a perturbation expansion in tco permits calculation of the effective propagator fj for the entire sequence: 
[Xt.t(t z ), Xt. X'0) is the zero-order or average Hamiltonian for the sequence; X is called the effective Hamiltonian. The advantage of this approach is that the effects of a complex time dependent process (a pulse sequence) have been approximated by a time independent one. The basic selective excitation sequence is illustrated schematically in Fig. 5 . 21 ,22 Let Xo represent the effective Hamiltonian of an arbitrary cyclic sequence (duration 6T,) of pulses and delays. X. represents the same sequence, except that each pulse is phase shifted by an amount cp = 21T IN. The propagators U 0 =exp(-tiC o 6Tp) and U. = exp(-iX.6Tp) for these two sequences are then related by where mj and m J are the z axis quantum numbers of states i and j, respectively. Thus, a one-quantum coherence (m j -m J = 1) is shifted by exp( -icf», a two-quantum coherence is shifted by exp( -2icf», and so forth.
The shift is repeated 'to produce ~., ~., ... up to jCx •• zr' Now since the sequence is cyclic the propagator can be expanded in powers of AT p, with the lowest order term being The only additional compllcation is to choose a sequence for jCo which makes high-order correction terms negligible. Good four-quantum selection has been achieved with as few as four pulses for jCo. 24 Up to eight-quantum selection with strong signal enhancements have been observed with more complicated sequences.
B. Optical selective excitation: vibrational overtones
The major experimental complication in studying multiphoton processes or highly excited vibrational states is that energy mismatches inhibit the pumping into these states. Figure 6 illustrates a typical situation for a simple three-level system, such as the ground state and first two overtones of some vibrational mode. The anharmonicity Wo is typically much larger than accessible values of IJ.. c. Thus, pumping at a frequency corresponding to half the energy difference between the ground and second excited states is similar, in a qualitative sense, to pumping two different two-level systems as in Fig. 1 (b) (i. e., Aw» Wi)' Roughly speaking, then, one might expect the multiple phase trains of Figs. 2 and 3 to overcome this offset in a similar manner. In particular, the fact that phase shifting creates sidebands in encouraging, because an appropriate choice of pulse lengths may make the sidebands coincide with the two allowed transitions.
This in fact turns out to be correct. The Hamiltonian for a three-level system interacting with an applied field can be generally written: 
The matrices ax, aYf and a .. are defined by analogy with a spin-1 nucleus 6 ; there the Wo term comes from the quadrupolar interaction with electric field gradients. The assumptions so far are that only the transitions 10) -11) and 11) -12) have appreciable dipole moments, and that the two dipole moments are equal. Either of these assumptions may be relaxed, at the expense of including additional operators in JC.
In cases of physical interest the harmonic oscillator term woa .. is dominant. The rotating wave approximation then amounts to assuming that direct absorption at 2wo can be neglected because that frequency is far from resonance for any allowed transition. For the values of wo/wo normally encountered in NMR at high fields (wo -10 5 rad, Wo -10 9 rad) this assumption is quite good. It will also be valid for the slightly anharmonic vibrations discussed in the next section. This approximation gives
The anharmonic oscillator woo! generates the only im FIG. 6 . Energy mismatches provide a fundamental limitation in multi photon pumping. This figure illustrated a typical case with a ground state and two-excited states (for example, the fundamental and first overtone ofa local vibrational mode). Generally only the 10)-11) and 11)-12) transitions are allowed, so the best way to pump population into I 2) with a single frequencylaseristopumpathalfthe 10)-12) energy difference. But then the anharmonicity w Q puts 11) far off resonance, so pumping is inefficient. portant difference between this system and the two-level systems of Sec. II. Since wo» WI in most physically interesting cases, 28 the Woo! term is the one which must be used as ~tl in Eqs. (13) and (14). This is the opposite constraint from that used in NMR, where WI dominates and the pulses generate the most important rotations. (25 ) Thus the net effect of woo. alone after a time t=2rr/wo is zero. Equation (13) then shows that, for a time independent Hamiltonian Je"'b
If Je tat is instead time dependent (1. e., a pulse sequence) then its effects will only build up if
In other words, the pulse sequence must repeat itself after t=2rr/wo.
Consider first a single long excitation pulse with Aw = 0 (the most favorable case) and no phase shifts. Then (15)- (17) give
To lowest order the pulse has no effect. Excited state population is pumped only through:Je<h, which is of order wi/w Q and therefore very small. ThUS, excited state population is produced only very slowly.
Compare this to what happens if one phase shift is used at t=rr/wo, making the pulse sequence (x -x). Then is a perfect rr pulse, putting all the ground state population into the excited state. Note that this requires
so just as in the two-level case the pumping is achieved in short times. If the phase shift is replaced by a delay between pulses of t4=rr/wO the zero-order Hamiltonian is reduced from Eq. (30) by about a factor of 2, since the pulse sequence now takes roughly twice as long. This is still a tremendous improvement over single pulse excitation, and as discussed in the last section this se-
quence can be created readily by an interferometer.
The sequence (x -X)N would be two-quantum selective in NMR, since it uses a 180 0 phase shift. However. the large optical enhancement we have just described is different from NMR two-quantum selection, since Eq. (30) shows that:re1O> has no two-quantum operators present. The basic reason for the enhancement is illustrated in Fig. 7 . The anharmonic oscillator term woo! is much larger than the laser interaction term, so any interaction which does not commute with a! and is constant over one cycle of the anharmonic term (2rr/w Q ) w1ll be averaged away to lowest order [ Fig. 7(a) ]; see also Eqs. (27) where n is any integer. In that case the sequence is cyclic and coherent averaging is possible (see the text). In this specific example 78 repetitions, which would give a total on-resonance flip angle of 1.56 1r, produce a complete population inversion for an anharmonicity 100 times larger than the pulse handwidth (Rabi frequency). This sequence can be viewed qualitatively as in Fig. 2 
C. Calculations of the enhancement
The effects of the pulse trains (X -X)N and (-~ta -X -ta -X -it')N on three level systems with wo= 100 wl were calculated for different pulse lengths on VAX 11/ 780 computers at Princeton University and the California Institute of Technology. Neither of these sequences has much effect except for pulse lengths tp such that If the phase shifts are omitted, so that a single x pulse with the same total length as this sequence is applied, the second excited state population is only O. 006%. Comparison of Eqs. (28) and (30) show that the pulse flip angle should be only about wl/WO= 1% as large, which agrees quite well with this result.
Excited state population is harder to pump when .1.w '" 0, because then another term . 1.wo. is present in ;jC(0) for all of these sequences. When.1.w == Wl a single x: pulse with the same length as before pumps less than 0.003% into the second excited state. Selective sequences do not perform as well as they did when .1.w = 0, but the increase is still substantial; a zero-order sequence with the same parameters as in Fig. 9 excites O. 6%, a gain of more than 200. 
In the above expression, w. is the frequency and X is the anharmonicity constant. D is the dissociation energy, and is related to Do: D = Do + w./2 -X/4. The important point about the above relation is that . Larger excited state populations could be predicted by choosing other pulse sequence parameters. But all these calculations should be considered qualitative, since they ignore experimental complications such as relaxation effects and interferometer nonidealities. Nonetheless, multiple pulse trains are clearly capable of dramatically enhancing forbidden transitions, and applications to multiphoton pumping should be technically feasible in the near future.
V. CONCLUSIONS
The most Significant limitation of coherent optical spectroscopy is the difficulty of producing powerful enough laser pulses to overcome inhomogeneous broadening or resonance frequency mismatches. We have shown that multiple pulse trains generated by phase modulation or amplitude modulation provide a technically feasible approach to dramatically increased population inversions and multiphoton pumping. We expect that this approach will improve the capabilities of currently available lasers in exciting different portions of highly inhomogeneously broadened tranSitions, and we anticipate that multiphoton pumping will also ben fit from this approach.
